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1. INTRODUCTION 
A famous unsolved problem in block theory is to prove that the number 
k(B) of ordinary irreducible characters in a p-block B of a finite group is at 
most / D (, the order of a defect group of B. The bound k(B) < (ID / */4) + 1 of 
Brauer and Feit is the best general result known. The problem is very 
difficult even for p-solvable groups. Nagao (5 1, using results of Fong 18 1, 
showed that the inequality k(B) < IDI for p-solvable groups would follow 
from an affirmative solution to what we will call the “k(GV) problem.” 
The latter problem concerns a semidirect product GV, where V is a finite 
vector space of characteristic p, V u GV, pi;lGl, and G acts faithfully and 
irreducibly on V. The k(GV) problem is to prove that k(GV), the number of 
conjugate classes of GV, is equal to or less than 1 VI. 
Recently R. Kniirr 141 proved that k(GV) < ( VI when G is supersolvable, 
a much better result than any obtained previously. More importantly, he 
introduced some highly effective and original methods. 
We will use his methods to prove that k(GV) < 1 V/ when IGi is odd. 
Essentially all of this paper concerns the case that V is a primitive module 
and the Fittingsubgroup of G is non-abelian. The other cases were settled in 
my earlier paper (21 and in [ 41. 
2. KNOWN RESULTS 
All results in this section are due to R. Knorr 141, except for my 
Theorems 1 and 3 and the Main Theorem, and T. Wolfs Theorem 4. 
DEFINITION 1. Let F be a finite field of characteristic p. Let G be a finite 
p/-group, and let V be a finite-dimensional F[ G]-module. For g E G, define 
the function 6 = 6(G, V) by 6(g) = 1 VI/l C,(g)\. 
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PROPOSITION 1. 6(G, V) is a generalized character of G. 
ProoJ: This follows from [4, Proposition 1.1 1. 1 
DEFINITION 2. Let 6 = 6(G, V). We say that 6 contains a square if there 
is a generalized character B of G such that 6 > 181’ on G and 6 = 0 (mod p) 
on G. (Two algebraic integers are congruent mod p if their difference is p 
times an algebraic integer.) 
Remark 1. Note that 6(G, V) contains a square if &G/C,(V), V) 
contains a square; simply inflate to G the 0 that worked for G/C,(V). 
THEOREM A. Let G be a p’-group. Let V be a faithful F[G]-module. 
Suppose C’ 2 W6’. where W is an F[H]-module for a subgroup H of G. 
Suppose dim,,,,, W > 1. If there e.uists 11’ E W such that 6(C,(w). W) 
contains a square then k(GV) ,< / VI. 
Prooj: This follows from Theorem 2.2. Proposition 4.3, and 
Proposition 4.6 of 141. 1 
THEOREM B. Let G be a p/-group and V a faithful F[ G l-module. If there 
exists I’ E V such that C,(r,) is abelian, then k(GV) < 1 VI. 
Proof: This is Theorem 3.9 of 141. 1 
Remark 2. Theorems A and B are, in my opinion, the main results of 
141. The proof of Theorem B depends on properties of the b-character, 
although 6 is not mentioned in the statement bf the theorem. 
PROPOSITION 2. Suppose V is a direct sum of copies of F[G], the regular 
G-module. Then either 6(G, V) contains a square or 1 G) = 2 and F = GF( p). 
Proof This follows from (4, Lemma 4.8 ] and the obvious fact that 6 is 
multiplicative over direct sums of modules. m 
The k(GV) problem divides into three cases. Let G be a p/-group and V a 
faithful irreducible F[GJ-module. There exists a subgroup H of G and a 
primitive F[H]-module W such that V z WC. We may and will assume that 
F = GF(p). Then either dim IV= 1, dim W > 1 and the Fitting subgroup of 
H/C,(W) is abelian. or dim W > 1 and the Fitting subgroup of H/C,( W) is 
non-abelian. The theorems below handle all three cases. 
THEOREM 1. Let V be a faithful GF(p)[G]-module, for a p’-group G oj 
odd order. Suppose that V z WC for some one-dimensional GF(p)[H I- 
module W. Then there exists I,’ E V such that C,(O) is abelian. 
Proof This is a slightly weaker version of (2, Corollary 21. 1 
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THEOREM 2. Let V be a faithful irreducible GF(p)[G]-module for a p’- 
group G of odd order. Suppose that V 2 WC for a primitive GF(p)[H]- 
module W, where dim W > I and the Fitting subgroup of H/C,(W) is 
abelian. Then there exists w E W such that d(Cu(,w), W) contains a square. 
Proof. The hypothesis implies that H/C,(W) is supersolvable. The result 
follows from [4, Proposition 6.5 and Corollary 6.61. 1 
THEOREM 3. Let V be a faithful irreducible GF(p)[G]-module for a p’- 
group G of odd order. Suppose that VS W” for a primitive GF(p)[HJ- 
module W, where dim W > 1 and the Fitting subgroup of H/C,( W) is non- 
abelian. Then there exists w E W such that 6(C,(w), W) contains a square. 
Proof. The proof of this theorem occupies Section 3 of this paper. 1 
MAIN THEOREM. Let V be a faithful irreducible GF(p)(G]-module for a 
p’-group G. Suppose IG( is odd. Then k(GV) < / VI. 
Proof. Immediate from Theorems A, B, 1, 2, and 3. B 
The following result of T. Wolf will be important in our proof of 
Theorem 3. 
THEOREM 4. Let V f 0 be a completely reducible F[G]-module for some 
field F and some solvable group G. Then ) G! < ) VI ‘12 if ) G! is odd. 
Proof. This is [7, Theorem 3.1(b)]. A slightly weaker bound holds if G is 
solvable of even order. a 
3. NON-ABELIAN FITTING SUBGROUPS 
Notation. Throughout this section G will be a p/-group of odd order and 
V will be an irreducible primitive GF(p)[G]-module. Notice that we are 
changing notation. Our goal in this section is to prove Theorem 3. What was 
called H in the statement of that theorem is now being called G. What was 
called W is now being called V. By Remark 1 of the preceding section, we 
may and will assume that V is faithful, so that G has a non-abelian Fitting 
subgroup. We want to prove that 8(CG(~l). V) contains a square, for some 
1’ E v. 
Under our assumptions every normal abelian subgroup of G is cyclic. Let 
F be the Fitting subgroup of G. The letter F will no longer be used to denote 
a field. Let Z be the socle of Z(F). Let H = C,(Z). Let t = ) G : HJ. 
We found Wolf [7] a good reference for the following standard facts. 
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LEMMA 1. Suppose ( G 1 is odd and every normal abelian subgroup of G 
is cyclic. Let p, ,.... p,, be the distinct prime divisors of 1 Fj and let Z and H be 
as above. Then there exist E, T a G such that 
(1) ET=FandEfJTSZ. 
(2) T is qrlic. 
(3) Each Sylow subgroup of E is e,utraspecial of prime exponent. 
(4) [T, E ] = 1 and F = C,(E/Z(E)). 
(5) Each S~~lolr’ subgroup of E/Z(E) is a completely reducible H/F- 
module. 
Proof. This is 17. Corollary 2.41, with a slightly different E. and with 
some simplifications resulting from our assumption that 1 G 1 is odd. I 
Not&ion (continued). Let E be as in the preceding lemma. Let k be the 
number of Sylow subgroups of E, so that E = nr=, Ei, where each Ei is 
extraspecial of prime exponent pi. Let 1 Eil = P:“‘~+ ‘. Let Ai be an abelian 
subgroup of Ei such that j Ail= pyi and Ai n Z(Ei) = 1. For subgroups Ai 
(I < i < k) chosen as above set A = n:=, A i. The subgroups A thus 
obtained are precisely the maximal Z(E)-avoiding abelian subgroups of E. 
LEMMA 2. Let d be the dimension of V over GF(p) and let A be as in 
the preceding paragraph. Then 
( 1) d = m I A (for some positive integer m. 
(2) tlm. 
(3) pi(pm- lfor 1 <i<k. 
(4) For each A, V,, is the direct sum of m copies of the regular module 
GF(p)[Al.’ 
(5) rf v E V and C,(c) = A then V /C.G,I., is a direct sum of copies of 
the regular module GF(p)[C,(v)]. 
Proof: Let K be the algebraic closure of GF(p). Let Vk be the K[G]- 
module K Oar,,, V. Let x be the complex-valued Brauer character of VK. 
For all g E G, dim,,,,, C,(g) = dim, CVK(g) is given by the inner product 
Lx 1~~ lc,,l. Let Z = rx, Czi>v in the notation of Lemma 1. Since V is a 
faithful irreducible GF(p)[G]-module, C,(zi) = 0, so [x Icli), lczi,] = 0. It 
follows that I # 0, for 1 Q i < n. Otherwise, since x is an ordinary 
character of G, x would vanish on (zi) - 1, which would contradict the last 
statement about inner products. 
We can write VK as a direct sum of irreducible K[Gj-modules which 
afford algebraically conjugate representations of G. Each such module is 
induced from a primitive module of some (one) subgroup H, of G. It follows 
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that x is induced from a character w,, of H,. Since x(zi) # 0 for 1 < i < n, we 
have 2 c H,. By primitivity and the fact that K is algebraically closed we 
have Z c Z(H,). so H, c; H. so x is induced from a character v of H. Since 
v is a sum of Brauer characters of irreducible K[H]-modules on which E 
acts faithfully, we have \A 11 V( 1). Since d =x( 1) = ~I,v( 1). parts ( 1) and (2) 
of the lemma are proved. 
To prove part (4) observe that I,~ vanishes on A4 so V, I1 has the same 
Brauer character as the direct sum mK(A ] of m copies of the regular K(A I- 
module. Since ((G(, p) = 1, it follows that V,1.4 = K 1s) V, is K[A I- 
isomorphic to K @ m(GF(p)[A]). The Noether-Deuring Theorem [ 1, p. 200 1 
now implies that V., ? m(GF(p)[A 1). which proves part (4). 
To prove part (5) observe that x = v/’ vanishes on C,(P)” so the result 
follows as in the preceding paragraph. 
Finally, to prove part (3). let W be an irreducible GF(p)[E]-constituent of 
C’,. Since V is primitive, V, 2 s W for some positive integer s. Let Ii be an 
irreducible K[E]-constituent of W,. Let r] be the character of U (not the 
Brauer character), so that 9 has values in K. Let m, = [GF(p)(q):GF(p)I. 
By [3, Corollary 9.231. we have dim,,,,, W= m, (A (. Also m = m,s. Since 
G&p)(q) contains a primitive pith root of 1 for all 1 < i < k, we have 
pi 1 pm0 - 1 for each such i. But pm0 - 1 divides pm - 1. which proves 
part (3). I 
DEFINITION 3. Let A be as above. We say that (A, c) is a centralizing 
pair if t’ is a non-zero vector in C,-(A). 
LEMMA 3. For each A, C,.(A) # (0). If (A, 1’) is a centralizing pair, then 
C,(U) G N,(A) and C,(c) = A. 
Proof. The first assertion is immediate from Lemma 2, part (4). To prove 
the second. let gE C,(c). Then (A,A8)~C,(c). If A”+A, then (A,A”jr? 
Z(E) # 1, so C,(c) n Z(E) # 1, a contradiction. 
To prove the third assertion, let g E C,(U). Let 7c = { p, ,..., pk} be the set 
of prime divisors of lE\. By Lemma 1, parts (1) and (4). we have g, E 
T C_ Z(F), so g, I = 1 and g is a n-element. It suffices to show that g,, E A i for 
1 < i < k. We can write g,, = ,YY. where x E Ei, y E T, and x and J are both 
pi-elements. Then (gPiJpi = xP;~rPi = >,pi E T c Z(F), so as before I’“’ = 1. 
Since G has no non-cyclic normal abelian subgroups, we have (y) = Z(Ei) 
SO gpi E N,,(Ai) by the second assertion of this lemma. Thus gpl E AiZ(Ei) 
but CA,Z(Ei)(L’)=Ai’ SOgpiEAi, SOgEA. I 
LEMMA 4. Let (A, v) be a centralizing pair. Let 6 = 6(C,(v), V). Let 
g E C’,(u). Let p, be the smallest prime divisor of / EJ. Let m be US in 
Lemma 2. Let 1 gl denote the order of g. Then 
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&g) = pml.4i-m141~lsl if gEA# 
s(g) > pml.41cPlr 1) ?PI if gE Cc(~l)-A. 
Proof: Let x be as in the proof of Lemma 2. Let g E E - Z(E). Then 
dim GF(P) C,-(g) = lx LX) I,,,] = m IAl// gJ by Lemma 2. part (4). The first 
equation in the lemma follows. 
Next suppose g E C,(c) -A. Lemma 3 yields g 6? F. First suppose 
g E C,(c). By Lemma 1, part (4). g does not act trivially on E/Z(E). so 
[g,x]EE’ for some .uEE. Set ~‘=[g,x]. Let pk=ICl.(g)l=lC,-(g”)j. 
Consider V as a vector space over GF(p). Then 
2k = dim(C,-(g) + CJg”)) + dim(C,-( g) n C,.(g”)) 
<mJAI +dim(C,.(~)) 
We have used the result of the preceding paragraph in the last inequality. 
Thus dim C,.(g) = k < m IA ( (1 + p,)/Zp, . 
Finally, let g E C,(c) -- H. Then dim C,-(g) = [x I(K), I,,,1 as before. We 
showed in the proof of Lemma 2 that x vanishes off H. Let (h) = H n (8;). 
Then 
dim C,-(g) < dim C,-(h)/2 < IH 1‘4 //2 < m IA ) (1 + p,)/2p,. 
The second assertion of the lemma follows. 1 
We now come to the main step of the proof of Theorem 3. 
LEMMA 5. Let (.4. 17) be a certtralizirtg pair. Suppose that 
m /A )/3 > 2 + 8 log, j A / + 2 log, t. 
Then &Cc;(r). I/) coruains a square. 
ProoJ First we define three integers a. 6, and c. Let a be the integer of 
smallest absolute value satisfying pa E 1 (mod IA I). Then Ja / < IA j/2. 
Choose b and c so that blC,(r)l/lA) +cp= 1 and ICI < 1C,(c)j/2 IAl. This 
implies that (bJ < p/2. Define a function 8, on A by setting O,( 1) = 1 and 
@,(.u) = pa for s E A#. By our choice of a, 8, is a generalized character of A. 
Now define a generalized character B of C,(U) by setting 0 = 
bf++” + p~i~,,~,). 
We wish to estimate B(X) for x E Cc(r)). Lemma 1, parts (4) and (5), and 
Lemma 3 imply that C,(u)/A is isomorphic to a subgroup of 
IIf= 1 H/CH(Ei/Z(Ei)), where each H/C,(E,/Z(E,)) is a completely 
reducible odd order subgroup of Sp(2117~, pi) c GL(2t$vi, pi). By Theorem 4 of 
Section 2 we have / H/C,(EJZ(E,))I < ~‘“‘1 = I Ai14. Thus / C,(c)/A 1 < /A lJ. 
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Now let x E A? We have 
For xE C,(o)-A we have 
l@~)l= PICI < PuC,(c)/A//2 < Pf Lw. 
We now show that O’(x) < 6(x) for all x E C,(c), provided that (*) holds. 
By our choice of b and c we have e(l)= 1, so O’(l)= 1 < 1 =8(l). By 
Lemma 4 we have 
6(x) = p m I A I m , I 1 (I .I-, (x E A *) 
J(x) 2 P rnl.llCP,rI).ZP, > /P 
ml.4 I:3 (x E C,(c) - A ). 
Thus it suffkes to verify that (*) implies the following inequalities: 
P 
mlAi-“l.4i:iXl > p4t2 \A 110 (x E A “) (1) 
P 
mi.\,? > p?/? (A (8 (xECJt’)-A). (2) 
If we square (2) we get 
P Zml.41’3 > pJtJ !A, 16. (2’) 
Since x E A# implies Ix\ > 3, assumption (*) implies 
P m  I .4 I - m  I A I i 1 -XI I > Y-P 
?ml.41:3 > p4f4 IA (16 2 pJt2 IA 110. 
Thus (2) implies (l), so 6 > O2 provided (,*) holds. 
Finally, since O( 1) = 1 and p I O(x) for all x E C,(v)“, and since we are 
assuming V is faithful, it follows that 6(C,(v), V) contains a square in the 
sense of Definition 2, provided (*j holds. I 
LEMMA 6. Let (A, u) be a centralizing pair tvith \A ( > 60. Then (*) 
holds. 
Proof. First suppose that m > 3. Lemma 2 implies that I < m, so it 
suffkes to show that 
m /A l/3 > 2 + 8 log, (A / + 2m. 
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Let f(p, m, IA I) = m IA l/3 - 2 - 8 log, IA ( --2m. For p 2 2, m > 3, and 
IA ( > 60, the partial derivatives off with respect to all three variables are 
positive, so it suffices to show thatf(2,3,60) > 0, which is the case. 
Thus m < 2. Since t < m and t is odd, t = 1, so we must show that 
m IA l/3 > 2 + 8 log, I.4 I. 
If m = 2, the function g( p, IA I) = 2 IA //3 - 2 - 8 log, IA / is again increasing 
in both p and (Al for pa2 and lAI>60, and g(3,60) > 0. If m =2 and 
p = 2 then Lemma 2 implies that 3 is the only prime divisor of [El so 
(A / > 81 and the inequality holds. 
If m = 1, arguments similar to those in the preceding paragraph show that 
the inequality holds unless p < 7. But p # 2, 3. or 5 when vz = 1 by 
Lemma 2. I 
LEMMA 7. Let (A. L‘) be a centralizing pair Mlith IA I =45. Then (*) 
holds. 
ProoJ If m > 4 it suffices to prove that 15m > 2 + 8 log, 45 + 2m which 
obviously holds for all p > 2. If m = 3 it suffices to show that 45 > 2 + 
8 log, 45 + 6, which holds for p > 3. If m = 3, p # 2 by Lemma 2. If m < 2 
then I = 1 and 15 I pm - 1 by Lemma 2. The result follows easily. 1 
To treat the remaining cases we will have to refine the estimate for 
I C,(tl)/A I used in the proof of Lemma 5. The next lemma gives a few facts 
about symplectic groups that we will need. I would like to thank I. M. Isaacs 
for its statement and proof. 
LEMMA 8. Let q be a punter of a prime number p and let w be a positive 
integer. Then the symplectic group SP(h s> has order 
q”‘(q* - l)(qd - 1) . . . (q*‘r’ - 1). Let P c Sp(2~. q) be the stabilizer of a 
maximal totally isotropic subspace. Then jP! =q”“(q- l)(q’- 1) ... 
(4”’ - 1 ). 
ProoJ The first statement of the lemma is well known, so we prove only 
the second statement. 
Since Sp(2w. q) is transitive on maximal totally isotropic subspaces, it 
suffices to count the number of such subspaces. To do this it suffices to 
count the number of ordered bases of such subspaces and divide the result by 
I GL(w. q)l. 
The first element X, of an ordered basis of a maximal totally isotropic 
subspace can be chosen in q”’ - 1 ways. The second element My1 lies in (x,)’ 
which has order q”‘-I. But x, does not lie in (x,). so there are q”‘-’ -q 
choices for -y2. Similarly there are q”‘-* - q2 choices for x3, etc., so the 
number of ordered bases of maximal totally isotropic subspaces is 
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(q”’ - I)(q’“-’ -9) .‘. (q”‘+’ - q”-I). Dividing by IGL.(~rq,q)l we obtain 
(1 + q)(l + q’) ... (1 + 4”‘) such subspaces. Thus 1PI = jSp(2~‘, q)(/ 
(1 +q)(l +$I *.. (1 + qlk’) = qqq - 1) . . . (9”’ - 1). m 
Remark. In fact P is the semidirect product of a group isomorphic to 
GL(,r. q) and a normal elementary abelian p-group. We will not need that 
information, however. 
LEMMA 9. Let (A, ~3) be a centralizing pair dth IA) = 9. 25, 27, or 49. 
Then d(C,Jv). V) contains a square. 
Proof Let p, = 3, 5, or 7 and let \I’, = 2 or 3, so that IAl = py’. By 
Lemmas 1 and 3, H/F and its subgroup C,(rl)/A may be identified with 
subgroups G and C of Sp(2u , , p,). By Lemma 3, C,(c) C_ N,(A). so C 
stabilizes AZ(E)/Z(E). a maximal totally isotropic subspace of the 
symplectic space E/Z(E). By Lemma 1. l? is completely reducible on 
E/Z(E),soO,,(H)= l.ByLemma8.wehave\CI( p$(p,-l)...(pyl- 1). 
The last two facts sharply restrict /C 1. If (A ( = 9 then 1 Cl1 3J . 2 . 8 so C 
is a 3-group because ) G) is odd. Also ) HI ) 3J . 8 . 80 so 1 HI 13’ . 5. Since 
O,(R) = 1 and since Cd(Oz.(f?)) c O,,(H), we have 1Ei 1 5, so C = 1. 
If IA\=27 then \Cjl 3’. 2. 8. 26 and 1BII 3’. 8. 80. 728. Since 
O,(E) = 1 and IO,.(H)l ( 5 . 7 . 13, the 3-part of IAut O,.(H)( is at most 9, so 
the 3-part of 1 i?\ is at most 9. Thus 1 C( < 9 a 13. 
If \A 1 = 25, similar arguments show that (Cl < 3. If (A 1 = 49. we get 
) Cl < 9. Thus in all cases 1 Cl < /,4 1’ ‘. 
Given this new estimate for ] Cl = ! C,(c)/A j. the proof of Lemma 5 shows 
that 6(C,(c). I’) contains a square provided that m (A l/3 > 2 + 3 log, (A 1 + 
2 log, t. If IA I > 25. the methods of Lemmas 6 and 7 show easily that this 
inequality holds for all tn, p. and t satisfying the restrictions of Lemma 2. 
If \A I = 9. those methods do not work, but since C= 1, Lemma 2 implies 
that v IcG,,.l is a direct sum of regular modules. By Proposition 2, &Cc(~). c’) 
contains a square. I 
In our last lemma. we completely abandon inequalities and rely on 
Lemma 2 and Proposition 2. as in the last paragraph of the preceding proof. 
For the first time we will exercise our right to choose a particular maximal 
Z(E)-avoiding abelian A. 
LEMMA 10. Suppose (A / is squarefree. Then there exists a centralizing 
pair (A. I’) such that ~(C,(Z~). V) contains a square. 
Proof. Let E = n:=, Ei. so that IE,/Z(E,)I = pi. The group 
H/C,(E,/Z(E,)) acts faithfully and completely reducibly on E,/Z(E,) by 
Lemma I. But any completely reducible odd order subgroup of Sp(2, pi) = 
SL(2, pi) is cyclic; see 16, p. 165-1661, for example. Thus, for each i. we can 
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find a one-dimensional subspace of E,/Z(E,) whose stabilizer in H is 
C,(EJZ(E,)). By Lemma 1, part (4), and an obvious subdirect product 
argument, we can find a maximal Z(E)-avoiding abelian A such that 
N,(A) s F. Choose u nonzero in C,.(A). By Lemma 3, we have C,(r)) = 
C,(c) = A. It now follows from Lemma 2 and Proposition 2 that &C,(r), V) 
contains a square. 1 
Proof of Theorem 3. As we remarked in the first paragraph of this 
section, it suffices to prove that some s(C,(tl), I’) contains a square when V 
is a faithful irreducible primitive GF(p)[G]-module and the Fitting subgroup 
of G is non-abelian. Thus Theorem 3 follows immediately from Lemmas 5. 6. 
I. 9, and 10. I 
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